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SUMMARY

When a liquid is perturbed, its free surface may experience highly non-linear motions in response. This
paper presents a numerical model of the three-dimensional hydrodynamics of an inviscid liquid with a
free surface. The mathematical model is based on potential theory in cylindrical co-ordinates with a
�-transformation applied between the bed and free surface in the vertical direction. Chebyshev spectral
elements discretize space in the vertical and radial directions; Fourier spectral elements are used in the
angular direction. Higher derivatives are approximated using a collocation (or pseudo-spectral) matrix
method. The numerical scheme is validated for non-linear transient sloshing waves in a cylindrical tank
containing a circular surface-piercing cylinder at its centre. Excellent agreement is obtained with Ma and
Wu’s [Second order transient waves around a vertical cylinder in a tank. Journal of Hydrodynamics 1995;
Ser. B4: 72–81] second-order potential theory. Further evidence for the capability of the scheme to
predict complicated three-dimensional, and highly non-linear, free surface motions is given by the
evolution of an impulse wave in a cylindrical tank and in an open domain. Copyright © 2001 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

Analysis of non-linear free surface motions of liquids with low viscosity is extremely important
in a number of engineering contexts. Extreme ocean waves can be sufficiently steep for their
front face to cause resonant ringing-type responses of offshore structures. For example, storm
waves measured at the Tern platform in the northern North Sea were found to be non-linear
in profile with the peak crest elevation 25.5 m above mean water level [1]. Sloshing motions
occur when tanks containing liquids with a free surface are disturbed. Solitary waves may arise
as tsunami from earthquake, volcanic or meteoric disturbances. The classical dam break
problem is another example of a transient free surface flow.
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For inviscid liquids, the fluid motion is governed by Laplace’s equation for the velocity
potential, subject to non-linear dynamic and kinematic free surface boundary conditions.
Analytical solutions are restricted to certain idealized cases for simple geometries. For
example, Stokes [2] derived perturbation expansions to describe regular progressive waves of
finite amplitude passing over a flat bed. Schwarz [3] and Fenton [4] obtained solutions of
Stokes’ expansions to fifth order and above. A third-order analytical solution in the frequency
domain has been determined by Malenica and Molin [5] for wave diffraction by a vertical
cylinder. Ma and Wu [6] developed a second-order solution for the case of transient sloshing
waves in a circular tank containing a vertical cylinder at its centre.

Since Yeung’s [7] review of numerical methods for predicting free surface flows, the subject
has undergone major expansion. For example, advances have occurred regarding the accurate
prediction of inviscid free surface transients using boundary integral element (e.g. Dold and
Peregrine [8], Wang et al. [9], Ferrant [10]), Fourier series (e.g. Taylor and Haagsma [11],
Johannessen [12]), polynomial series (Fenton [13]), kinematic boundary condition fitting
(Forristal [14]), finite difference (e.g. Yeung and Vaidhanathan [15]), and finite element
methods (e.g. Wu and Eatock Taylor [16]). These models have been applied to steep nearly
overturning waves in flumes, extreme waves in directional seas, focused unidirectional waves,
solitons, tank sloshing, etc. Some can cope with immersed bodies (e.g. Wu and Eatock Taylor’s
finite element approach) whereas others have been designed for waves in the absence of
internal obstacles (e.g. Johannessen [12]). As yet, there is no consensus regarding which
technique is best for a given situation. For example, Ma and Wu [6] argue that finite elements
may be more efficient than boundary elements for non-linear wave modelling even though
finite elements involve discretization of the entire flow field. Viscous free surface flows have
also been considered. Yu and Yeung [17] used a pseudo-spectral scheme to solve the
Navier–Stokes equations with linearized boundary conditions for free surface motions in a
cylindrical container with a central cylinder.

The spectral element method is a computationally efficient alternative to finite element or
finite difference methods (the efficiency being related to the numbers of mesh nodes required
to achieve a solution to a given accuracy). Originally devised by meteorologists, the spectral
method was first subjected to a rigorous mathematical assessment in the monograph by
Gottlieb and Orszag [18]. Hussaini and Zang [19] and Canuto et al. [20] have produced
comprehensive reviews of spectral element applications in computational fluid dynamics. In a
recent paper, the present authors [21] applied the collocation (or pseudo-spectral) matrix
method to solve the sigma-transformed potential flow equations in two-dimensional Cartesian
form. Two-dimensional non-linear free surface sloshing in a rectangular tank was simulated,
and close agreement with Wu and Eatock Taylor’s [16] second-order analytical solution was
obtained.

In this paper, details are given of a pseudo-spectral numerical scheme for modelling the
three-dimensional free surface motions of a perturbed inviscid liquid. The mathematical
formulation is based on fully non-linear potential theory expressed in a �-transformed
cylindrical co-ordinate system mapped onto a rectangular box. Chebyshev (radial and vertical
directions) and Fourier (angular direction) collocated points form a grid within the box. The
potential flow equations are discretized using Chebyshev and Fourier pseudo-spectral matrix
techniques. The scheme provides a detailed picture of fully non-linear free surface motions,
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provided that the liquid is continuous between the free surface and bed in the vertical
direction. Results are presented for axisymmetric sloshing motions in a cylindrical tank
containing a central vertical cylinder, and for asymmetric free surface patterns caused by an
off-centre surface perturbation in the same tank and in an open domain.

2. MATHEMATICAL MODEL OF FREE SURFACE WAVES IN A CYLINDRICAL
DOMAIN

It is assumed that the fluid is incompressible, inviscid and hence irrotational. In a cylindrical
system, the governing equation for mass conservation may be expressed in terms of velocity
potential � as
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where r, � and z refer to the radial, tangential and azimuthal co-ordinates.
At the gas–liquid interface, the non-linear dynamic and kinematic free surface boundary
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where the velocity components are
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In Equation (2), which is derived from the modified Bernoulli equation applied on the free
surface, it is presumed that atmospheric pressure relative to the gas-liquid boundary is zero.

There is no flow through the bed, and so the bottom boundary condition is

��

�z
=0 at z= −d (5)

where d is the still water depth.
Similarly, there is no flow through the solid walls of an inner cylinder of radius rI located

at the centre of the domain, and so
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��

�r
=0 at r=rI (6)

For a cylindrical tank domain with an outer solid wall perimeter

��

�r
=0 at r=rO (7)

where rO is the radius of the cylindrical tank.
For a cylindrical domain with open perimeter, a Sommerfeld radiation condition is applied

(see, for example, Orlanski [22], Chan [23], Romate [24], Broeze and Romate [25]), and is
expressed in cylindrical co-ordinates by

��

�t
+c

��

�r
=0 (8)

which can be asymptotically satisfied by a linear propagating wave. In this case, c is the phase
velocity of the wave, which is a function of the wave frequency, and is often formulated as
(gh)1/2 in shallow water.

The pressure distribution on the surface of the inner cylinder is given by the modified
Bernoulli equation as

p= −�gz−
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(u�

2 +uz
2)−�

��

�t
(9)

where p is pressure and � is fluid density. Hence, the horizontal force components acting on
the inner cylinder are

Fx= −
� �

−d

� 2�

0

p cos �rI d� dz and Fy= −
� �

−d

� 2�

0

p sin �rI d� dz (10)

The three-dimensional governing equation and boundary conditions are transformed from a
cylindrical co-ordinate system where r, �, z� [rI, rO]× [0, 2� ]× [−d, � ], to a rectangular box
system, where R, �, �� [−1, 1]× [0, 2� ]× [−1, 1], by applying algebraic stretch transforma-
tions in the radial and azimuthal directions. The radial transformation consists of a simple
linear stretch expressed as

R(r)= −1+
2(r−rI)

b
(11)

where b is rO−rI. In the z-direction, a linear �-transform is used, such that

�(r, �, t)= −1+
2(z+d)

h
(12)
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where d is the still water depth and h is the total depth (h=d+�). The �-transform is easier
to implement than a general curvilinear co-ordinate transformation, but has the constraint that
the mapping has to be unique, and so it cannot deal with overturning waves or spray
formation.

The above transformations map the velocity potential �(r, �, z, t) in the physical domain
onto �(R, �, �, t). After applying the chain rule and rearranging, the transformed governing
equation may be written:
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The transformed dynamic free surface boundary condition is
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The transformed kinematic free surface boundary condition and bed boundary conditions are
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and
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=0 at �= −1 (16)
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At solid cylindrical walls, the transformed no flow boundary condition is
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=0 at R= −1 and R=1 (17)

For a far field open boundary, the transformed Sommerfeld boundary condition is
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where c is the phase velocity of the linear wave.
In conjunction with an initial free surface profile, Equations (13)–(18) constitute the

mathematical model for three-dimensional transient free surface motions of inviscid liquid in
a cylindrical domain. The pressure on the surface of the inner cylinder in the transformed
system is:
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The horizontal force components acting on the inner cylinder are therefore
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3. NUMERICAL SCHEME

The transformed domain consists of a rectangular box, which is discretized according to
Chebyshev and Fourier collocation formulae as follows:

Ri=cos
�i�

M
�

, �j=
2j�
N

and �k=cos
�k�

L
�

(21)

for i=0, 1, . . . , M, j=0, 1, . . . , N−1, and k=0, 1, . . . , L. Note that the indexing system
used here works in the reverse R and � directions. For example, i=0 refers to R= −1. The
physical grid system is shown in Figure 1. Chebyshev spectral elements are used to discretize
space in the vertical and radial directions, leading to element concentration near the cylindrical
boundaries. Fourier spectral elements are used in the angular direction where uniform element
spacing is desirable.

The third-order Adams–Bashforth (AB3) scheme is used for all time-integrations, whereby
the updated value of a variable f is given by
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Figure 1. The three-dimensional pseudo-spectral �-transformed mesh.
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in which n is the time index and �t the time step. Using the AB3 method for updating the
velocity potential at the free surface, we have f n=�i, j,0

n , and the dynamic free surface
boundary condition (14a) in discretized form gives
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Similarly, the updated free surface elevation is obtained as fn=� i, j
n with the time derivative

calculated from the discretized kinematic free surface condition (15) as
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After discretization using the pseudo-spectral matrix method, the transformed governing
Equation (13a) becomes
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where G� R and G� Z are Chebyshev pseudo-spectral matrices and G� � is a Fourier pseudospectral
matrix. Note that
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The bottom boundary condition is discretized as
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The discretized solid wall boundary conditions are
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where i=M refers to the inner cylinder at R= −1 and i=0 refers to the outer cylindrical
perimeter at R=1. For the open domain problem, the �-transformed Sommerfeld boundary
condition (18) is discretized to give updated far boundary nodal values using the AB3 method
from f n=�0, j,k

n , where
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The pressure distribution at the n+1th time step is discretized as
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The horizontal force components are evaluated using double quadrature formulae: Simpson’s
rule is applied in the angular direction, and the trapezoidal rule used in vertical direction.

Starting from a prescribed initial wave form, the solution procedure is as follows: (i)
calculate free surface boundary values of � using Equation (23); (ii) update the surface
elevation, �, using Equation (24); (iii) solve the discrete governing Equation (25) together with
the bed and wall boundary conditions (28) and (29) by an iterative matrix solver; (iv) evaluate
the total force acting on the bottom-mounted cylinder; and (v) move forward one time step
and return to (i). In producing the results discussed below, successive over-relaxation (SOR)
was used as the iterative matrix solver.

4. RESULTS

In all cases, the results are presented in non-dimensional form. Taking the characteristic length
to be d, and the characteristic time to be (d/g)1/2, then the non-dimensionalized potential
function is d(gd)1/2� and the non-dimensional free surface elevation is �/d where d is the still
water depth. Two initial wave profiles were used to illustrate use of the model. The first is an
axisymmetric sloshing case for which an analytical potential theory solution to second-order
has been derived by Ma and Wu [6]. The second starts from an asymmetric impulse-like free
surface disturbance and involves complex interactions between wave reflection and diffraction
effects.

4.1. Axisymmetric standing wa�es in a cylindrical tank with a surface-piercing column at its
centre

In order to test the numerical model, an initial wave profile is imposed on the free surface
which may be expressed as

�(r, �, t=0)=aZk(r) (32)

where a is the amplitude of the initial wave and

Zk(r)=J0(�kr)+BkY0(�kr) (33)
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J0, J1, Y0 and Y1 are Bessel functions of the first and second kind respectively. Bk and �k are
obtained from the boundary conditions on the walls of the inner and outer cylinders, of radii
rI and rO respectively. This leads to:

Bk= −
J1(�krI)
Y1(�krI)

(34)

where �k are solutions of

J1(�krO)+BkY1(�krO)=0 (35)

This axisymmetric problem has been solved analytically using a perturbation technique [6]. The
linear solution is obtained by means of the variable separation method. The first-order solution
is

�1=aZk(r) cos(
kt) (36)

where


k
2=g�k tanh(�kd) (37)

The second-order elevation, �2, is
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g

��

�t
�
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(39)

In Equation (39), �1 and �2 are the first- and second-order solutions for the velocity potential.
Ma and Wu [6] gave details of the second-order solution.

The non-dimensional radii of the inner cylinder rI/d and of the cylindrical tank rO/d are 0.4
and 2 respectively for the cases studied below. The convergence criterion in the iterative matrix
solver is set at 10−9. From convergence tests using time-evolving plots of surface deformation
at a specific point in the tank (the surface of the inner cylinder), grid and time step
independence was achieved for non-dimensional time step 0.02 and a grid (M×N×L) of
(21×11×11) collocation points. These values are used hereafter.

Three cases with different amplitudes a/d, 0.01, 0.15 and 0.2, are considered in order to
examine increasingly non-linear effects. The time history of the runup on the surface of the
inner cylinder is calculated both numerically and from the linear analytical solution. The
results are independent of their circumferential position on the inner cylinder as the problem
is axisymmetric. The time history of runup at the inner cylinder shown in Figure 2 reveals
almost exact agreement between the numerical and analytical linear theory results for the
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Figure 2. Time-dependent run-up for the axisymmetric case: a/d=0.01.

smallest amplitude case where a/d=0.01. Figure 3 shows the numerically derived free surface
profiles radially across the tank (at �=0) at different times during a wave period, for the same
initial wave. A node is found at r/d=1.32. Figure 4 reveals non-linearities in the run-up time
history at the inner cylinder surface for the case a/d=0.15; the linear and second-order
non-linear solutions are seen to have different profiles after t*= t(d/g)1/2=1. The numerical
solution is very close to the second-order non-linear solution except at some wave peaks.
Figure 5 shows the wave profiles radially across the tank at �=0, again at different times
during the wave period. The node at r/d=1.32 disappears due to the non-linearity of the
waves. Returning to Figure 4, it is clear that the second-order analytical solution is not
sufficient to describe large amplitude free surface motions completely. A fully non-linear wave
model is necessary in such cases. Figure 6 shows the time histories of runup at the inner
cylinder for three amplitude ratios, a/d=0.01, 0.15 and 0.2. In general, as the wave amplitude
increases, the peaks become higher and the troughs shallower. Moreover, higher-order effects
become increasingly evident at large wave amplitude, as can be seen by the variations in
successive wave profile. This is similar to the two-dimensional standing wave cases considered
by Chern et al. [21].

It may be concluded that the above cases partially validate the three-dimensional numerical
scheme in the case of axisymmetry. It should be noticed that the proposed numerical model is
able to deal with non-linear free surface waves without requiring the surface smoothing
mentioned by Longuet-Higgins and Cokelet [26].
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Figure 3. Wave profile evolution for the axisymmetric case: a/d=0.01.

4.2. Asymmetric initial impulse wa�e in a cylindrical tank with a surface-piercing cylinder at
its centre

Figure 7 shows the asymmetric impulse wave free surface which is used as the initial condition
here. This case has been studied by Yu and Yeung [17], and causes diffraction around the inner
cylinder. The formula for the initial wave form is taken to be the following:

�(r, �, t=0)=a exp
�

−
�

r cos �−
(rI+rO)

2
n2

− [r sin � ]2
n

(40)

The radii of the inner and outer walls are rI/d=1 and rO/d=10 respectively. The peak of the
impulse wave is located at the middle of the radial line between the inner cylinder and the
cylindrical tank perimeter wall (r=5.5, �=0). The non-dimensional time step is 0.01. The
amplitude of the initial wave, a/d, is 0.1. A grid containing 41×31×17 collocation points
comprises the computational domain. Figures 8(a)–(j) present the evolution of the free surface
wave pattern at intervals of 300 time steps (a non-dimensional interval of 3). An outgoing ring
wave develops by t*= t(g/d)1/2=3 as illustrated in Figure 8(a). The outgoing wave interacts
with the cylinder in Figure 8(b) and also begins to reflect from the perimeter wall of the
cylindrical tank. Diffraction due to the ring wave is observed in Figures 8(c)–(e) from t*=9
to 15. In addition, the reflected waves from the cylindrical tank wall appear to become parallel
and straight relative to each other after t*=15 in Figures 8(f)–(i). This may be explained by
analogy with optical theory, where the impulse wave can be regarded as a point light source
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Figure 4. Time-dependent run-up for the axisymmetric case: a/d=0.15.

and the reflection waves are plane waves caused when the point source is located in front of
a semi-circular mirror. Later (from t*=2), the plane waves reflecting from the outer
cylindrical tank hit the inner cylinder and cause further diffraction (see Figures 8(g)–(j)). Yu
and Yeung [17] also observed the same phenomenon. In order to aid quantification of the
numerical results, Figures 9(a) and (b) are contour plots of free surface elevation at t*=15
and 30 respectively; these provide a clear picture of the evolving free surface patterns. Taken
overall, the free surface exhibits complicated wave phenomena as time progresses due to the
initial disturbance.

The time history of horizontal force acting on the inner cylinder is presented in Figure 10.
The first peak is caused by the outgoing ring wave. Later peaks, which are higher, are caused
by the combination of incident, reflected and diffracted waves.

4.3. Asymmetric initial impulse wa�e in an infinite domain with a surface-piercing cylinder at
its centre

The previous two cases deal with wave motions confined within a cylindrical tank. The third
case considers free surface motions in an infinite domain. The previous impulse wave is still
used as the initial wave condition. The infinite physical domain is modelled as a finite, but
open, computational domain. The peak of the impulse wave is now taken (at r/d=5.0, �=0),
so that in other words,
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Figure 5. Wave profile evolution for the axisymmetric case: a/d=0.15.

�(r, �,t=0)=a exp[− [r cos �−5]2− [r sin � ]2] (41)

The outer radius is 20 times the inner radius (rI/d=1). The Sommerfeld radiation condition
is imposed at the open boundary to avoid the reflection of outgoing waves, with the phase
velocity c= (gh)1/2 corresponding to shallow water condition. In addition, 0.01 is chosen as
the dimensionless time step and the mesh is again taken as 41×31×17.

Figures 11(a)–(j) show shaded plots of the evolution from t*=3 to 30. Similar to the
case in the cylindrical tank, a ring outgoing wave initially forms as indicated in Figure
11(a). Subsequently, the ring wave expands and interacts with the surface-piercing cylinder.
Diffraction around the cylinder is observed in the simulation. Selected contour plots at
t*=15 and 30 are presented in Figures 12(a) and (b) respectively. No reflected waves are
evident at the far-field boundary, thus confirming the successful implementation of the
radiation condition.

The force time history is presented in Figure 13. The initial peak force in the trace is
almost identical to that obtained for the closed tank. However, the effect of the open
boundary can be seen at later times when the free surface rapidly settles down, unlike the
situation in the closed tank where oscillations are still very large at t*=30. It should be
noted that the Sommerfeld radiation condition used herein is suitable only for shallow
water waves, but with an appropriate choice of phase velocity other conditions could be
modelled.
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Figure 6. Time-dependent run-up for the axisymmetric case: a/d=0.01, 0.15 and 0.2.

Figure 7. A shaded plot of the initial asymmetric impulse wave profile. The free surface profile is
exaggerated (by scaling the vertical dimension by 40).
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Figure 8. Three-dimensional shaded plots of the asymmetric impulse wave evolution in a closed
cylindrical tank containing a surface-piercing cylinder at its centre: (a) t*= t(g/d)1/2=3; (b) t*=
t(g/d)1/2=6; (c) t*= t(g/d)1/2=9; (d) t*= t(g/d)1/2=12; (e) t*= t(g/d)1/2=15; (f) t*= t(g/d)1/2=18;

(g) t*= t(g/d)1/2=21; (h) t*= t(g/d)1/2=24; (i) t*= t(g/d)1/2=27; (j) t*= t(g/d)1/2=30.
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Figure 8 (Continued)
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Figure 8 (Continued)
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Figure 8 (Continued)
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Figure 8 (Continued)
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Figure 9. Free surface contours for an asymmetric impulse wave in the closed tank. Solid lines represent
positive surface elevation values, dashed lines negative: (a) t*= t(g/d)1/2=15; (b) t*= t(g/d)1/2=30.
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Figure 10. Time history of the x-direction force component acting on inner cylinder for the asymmetric
case in the cylindrical tank.

5. CONCLUSIONS

A �-transformed mathematical model is proposed here for three-dimensional non-overturning
free surface waves in a cylindrical domain containing a central surface-piercing circular
cylinder, and with solid wall or open perimeter boundaries. The model has been discretized
using the collocation (or pseudo-spectral) matrix element method with Chebyshev matrices in
the radial and vertical directions and Fourier matrices in the angular direction. Before
application to wave problems the pseudo-spectral scheme has been tested successfully against
standard solutions of Laplace’s equation on square and annular two-dimensional domains.
The numerical model was then used to simulate sloshing waves in a cylindrical tank containing
a surface-piercing central column. The results were in extremely close agreement with Ma and
Wu’s [6] second-order potential theory solution for waves of small amplitude (a/d�0.01). At
higher wave amplitudes, the numerical scheme predicted an increasing contribution from
higher-order (i.e. greater than 2) non-linear effects, with wave crests narrowing and steepening,
and wave troughs becoming shallower than predicted by second-order potential theory. The
numerical scheme was then applied to the case of an initial asymmetric impulse wave in an
annular tank. Unsurprisingly, the free surface motions grow in complexity with time; a ring
wave forms which is reflected by the solid walls and diffracted by the central cylinder. At one
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Figure 11. Three-dimensional shaded plots of the asymmetric impulse wave evolution in an open
cylindrical domain containing a surface-piercing cylinder at its centre: (a) t*= t(g/d)1/2=3; (b) t*= t(g/
d)1/2=6; (c) t*= t(g/d)1/2=9; (d) t*= t(g/d)1/2=12; (e) t*= t(g/d)1/2=15; (f) t*= t(g/d)1/2=18; (g)

t*= t(g/d)1/2=21; (h) t*= t(g/d)1/2=24; (i) t*= t(g/d)1/2=27; (j) t*= t(g/d)1/2=30.
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Figure 11 (Continued)
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Figure 11 (Continued)
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Figure 11 (Continued)
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Figure 11 (Continued)
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Figure 12. Free surface contours for an asymmetric impulse wave in the open domain. Solid lines
represent positive surface elevation values, dashed lines negative: (a) t*= t(g/d)1/2=15; (b) t*=

t(g/d)1/2=30.
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Figure 13. Time history of x-direction force component acting on the cylinder for the asymmetric case
in the open domain.

stage in the process, plane waves appear behind the central cylinder. In the final case, the
outer wall perimeter is replaced by an open boundary, and the test repeated. Whereas the
initial stages of the free surface development are similar to the closed tank case, the open
boundary permits waves to exit the domain and it is seen that the free surface disturbances
settle quickly. In the future, it is recommended that viscous effects be incorporated in this
model.

The sigma-transformation is limited to unique stretchings of continuous liquid between the
free surface and bed in the vertical direction. This limitation could be overcome to a certain
extent by the use of boundary-fitted curvilinear systems (see e.g. Mayer et al. [27]).
Curvilinear mappings enable submerged bodies to be inserted in the liquid domain (Thomp-
son et al. [28]), and could be the subject of further investigation using the spectral collocation
method.
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APPENDIX A. NOMENCLATURE

initial wave elevation amplitudea
b distance between inner cylinder and cylindrical tank wall, rO−rI

Bessel coefficientBk

wave phase speedc
d still water depth

function integrated by Adams–Bashforth schemef
horizontal wave force components acting on the inner cylinderFx, Fy

acceleration due to gravityg
matrix to evaluate the qth derivatives with respect to R, � and �G� R (q), G� � (q),

G� Z (q)

h local water depth, a function of r, � and time, t
J0, J1 Bessel functions of the first kind of order 0 and 1 respectively

number of collocation pointsM, N, L
pressurep

q geometric variable, q=b(R+1)+2rI

stretched radial co-ordinates in the computational domainR
outer radius of the cylindrical tankrO

radius of inner cylinder at tank centrerI

radial, angular and vertical co-ordinates in the physical domainr, �, z
timet
non-dimensional time, t*= t(g/d)1/2t*

ur, u�, uz velocity components in cylindrical co-ordinate system
Bessel functions of the second kind of order 0 and 1 respectivelyY0, Y1

Zk combined Bessel function, Zk(r)=Jo(�kr)+BkY0(�kr)

Greek letters
�, �, 	 sigma-transformation parameters

Bessel coefficient�k

velocity potential, �(r, �, z, t)�

first-order solution for velocity potential�1

second-order solution for velocity potential�2

free surface elevation above still water level�

first-order solution for free surface elevation�1

second-order solution for free surface elevation, �2=�2
(1)+�2

(2)�2

�2
(1) first component of second-order solution for free surface elevation

second component of second-order solution for free surface elevation�2
(2)

water density�

sigma-transformation variable that replaces z�

angular wave frequency
k

velocity potential, �(R, �, �, t)�
gradient operator�
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Subscripts
spatial indicesi, j, k

Superscript
temporal indexn
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